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Thickness dependence of the one-parameter-based fracture toughness has been well recognized and
widely studied. However, it is still a challenge to predict the fracture of structures with curved cracks
from the fracture toughness data obtained from the standard through-the-thickness cracked specimens.
The complicated three-dimensional (3D) stress ﬁelds near the crack front play a vital role in the fracture
strength of materials. Based on a systematical numerical study of the 3D stress ﬁelds near the crack tip of
quarter elliptic corner cracks and comparison with that of ideal through-the-thickness cracks, an equiv-
alent thickness conception for curved cracks is proposed from the viewpoint of out-of-plane constraint,
and a semi-analytical solution for the equivalent thickness of corner cracks is obtained. With the evalu-
ated equivalent thickness, the fracture toughness of corner cracked specimens is predicted efﬁciently by
the plane-strain toughness value of the material obtained from the standard through-the-thickness
specimen.
 2010 Elsevier Ltd. All rights reserved.1. Introduction
The structural strength theories and fracture assessment meth-
ods have been developed for several decades and successfully ap-
plied to some engineering problems. Since the linear elastic
fracture mechanics was founded on the theoretical basis of stress
intensity factor (SIF, K) introduced by Irwin (1948, 1958), the cor-
responding fracture toughness parameter KC has been widely used
for fracture analyses and residual strength assessments. Now, it
has been widely recognized that KC is strongly dependent on spec-
imen thickness and the named plane-strain KIC from specimens
with enough large thickness is always taken as a material property
(Zahoor, 1991). To determine the thickness dependence of KC,
experiments on through-the-thickness cracked specimens have
been conducted with a proper range of thicknesses for many struc-
tural materials in the past half century. However, it remains a chal-
lenge to use such data obtained from the through-the-thickness
cracked specimens to predict failure of structures with curved or
non-through-the-thickness cracks.
In order to study the three-dimensional (3D) stress state near
the crack border and thickness-dependent fracture toughness,
Guo introduced a conception of out-of-plane stress constraint fac-
tor Tz (Guo, 1993a,b, 1995)
Tz ¼ r33r11 þ r22 ; ð1Þll rights reserved.
.where the subscripts 1, 2 and 3 stand for the local coordinates x, y
and z or r, h and z respectively, with z axis being tangential to the
crack front line, r11 and r22 are the principal stress components
in the normal plane of the crack front line containing the considered
point (Guo, 1993a). Tz = 0 for plane stress state. For the plane-strain
state, Tz equals to Poisson’s ratio v in elasticity and 0.5 in incom-
pressible pure plastic media. Based on the parameter Tz, the 3D nor-
mal stress ﬁeld in the vicinity of crack border can be measured
precisely.
For an inﬁnite plate with a through-the-thickness straight crack,
subjected to far-end in-plane tensional loading (shown in Fig. 1),
there is always a three-dimensional zone about a half of the plate
thickness within which the radial variation of Tz can be normalized
by r/B. Outside the three-dimensional zone, the stress state always
approaches the plane stress state with Tz = 0.
To precisely predict the fracture and residual strength of engi-
neering structures based on the fracture toughness obtained by
the standard specimens, Guo et al. (1998) introduced the concep-
tion of equivalent thickness Beq and applied the conception to frac-
ture and fatigue crack growth prediction (Guo et al., 1998; Shen
and Guo, 2005). In the early applications, the Beq at each point of
the crack front line is simply estimated by twice the shortest dis-
tance of the point to the free surface of the cracked body along
the tangent of the crack front line at the point. In case of
through-the-thickness cracked plates, She et al. (2008) proposed
to deﬁne the equivalent thickness Beq on the basis of the three-
dimensional distribution of the out-of-plane stress constraint fac-
tor Tz. The Tz distribution in the front of a through-the-thickness
straight crack in a plate with thickness of Beq can be empirically ex-
pressed as a uniform formula by ﬁtting the ﬁnite element results,
Fig. 1. Illustration of a crack in an inﬁnite plate subjected to far-end tensional loading. (a) The front view of the crack in an inﬁnity subjected to the far-end tensile load. (b)
The top view of the crack plane in the plate. (c) Illustration of Tz distribution against the distance to crack front line. (d) Independence of Tz distribution against the thickness-
normalized distance to the crack front line.
Fig. 2. Schematic illustration of the deﬁnition of equivalent thickness: the equivalent thickness Beq at a point of P on the front line of (a) a through-the-thickness crack, or (b) a
quarter elliptic corner crack is determined by matching (c) the distribution of Tz in the normal plane of P to that in the middle plane at P
0
of (d) a visual through-the-thickness
cracked plate with thickness of Beq.
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 0:5  at h ¼ 0; ð2Þ
where v is Poisson’s ratio. By matching the distribution of Tz at point
P on the front line of a through-the-thickness crack in plate with
thickness B [see Fig. 2(a)] to that at the middle plane of a
through-the-thickness crack in visual plate with thickness Beq
[Fig. 2(d)], the equivalent thickness for the through-the-thickness
cracked plate can be evaluated as
Beq ¼ B 1 ð2y=BÞ2
 
; ð3Þ
where y is the distance from point P to mid plane. In this way, the
local fracture toughness at point P (withB/2 < y < B/2) on the crack
front in the plate of thickness B is expected to be equivalent to the
experimentally measured overall fracture toughness by a through-
the-thickness cracked plate with thickness of Beq, as crack is always
nucleated from the middle point of highest constraint. For 3D elas-toplastic stress state, the elastoplastic Poisson ratio veq is substi-
tuted for v in Eq. (2) (Zhao et al., 2007).
In this work, we extend the out-of-plane constraint based con-
ception of equivalent thickness to curved cracks. The equivalent
thickness Beq for a point on the crack front line of quarter elliptic
corner crack is evaluated by a uniﬁed expression of the three-
dimensional distribution of Tz of the curved crack and comparison
with that of a through-the-thickness crack. We demonstrate this
methodology by detailed three-dimensional analyses of a typical
quarter elliptic corner cracks in an isotropic elastic plate. The
Beq expressions are obtained and applied to fracture assessment
of specimens containing two corner cracks. As the three-dimen-
sional effect on fracture toughness mainly come from the out-
of-plane stress constraint, the fracture toughness of the corner
cracked specimens is predicted efﬁciently using the toughness
data obtained from the standard through-the-thickness cracked
specimen.
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In order to determine the value of Beq at an arbitrary point on
the crack front line, the Tz distribution along the crack growth
direction should be analyzed systematically. The 3D distribution
of Tz around various types of cracks have been studied in details
(Zhang and Guo, 2005, 2007; Zhao et al., 2006, 2007a,b,c; She
and Guo, 2007). From these researches it is found that Tz can be ex-
pressed by a general function as followsFig. 3. Schematic illustration of the quarter elliptic corner crack in an elastic plate and
various a/c. (c) The local coordinate system and a normal sheet element of the crack fro
Fig. 4. Typical FE mesh of the symmetrical half plate containing a quarter elliptic corner c
cylindrical mesh of the crack tip with singularity elements. (d) A magniﬁcation of selecTz ¼ v  f r; h; z;B; t; . . .ð Þ; ð4Þ
where (r,h,z) are the local polar coordinates at the crack tip, B is the
thickness of the plate, t is the shape factor of the elliptic crack. In the
normal plane of the crack front line (Zhang and Guo, 2005, 2007;
She and Guo, 2007), Tz is nearly independent of h within the range
of 0 6 h 6 p/2 near the crack tip. In addition, the previous studies
showed that the distributions of Tz for various types of curved
cracks are similar to that of through-the-thickness cracks in platesthe coordinate systems. (a) The global geometry. (b) Quarter-elliptical cracks with
nt line.
rack. (a) The whole 1/2 model. (b) A magniﬁcation of the selected part of (a). (c) The
ted part of (c). (e) The illustration of a 20-nodes collapsed singularity element.
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2007). In view of this similarity in Tz distributions between curved
cracks and through-the-thickness crack, as shown in Fig. 2(b), (c),
(d), the equivalent thickness Beq at a point P on the front line of
curved crack can be determined by matching the local Tz distribu-
tion curves in the normal plane of the crack front line at P to that
at the central plane of a through-the-thickness cracked plate with
thickness Beq, as illustrated by Fig. 2.1E-3 0.01 0.1 1 10 100
0.0
0.1
0.2
0.3
T z
r/c
 FEM
 Eq. in Ref. (Zhang and Guo, 2007)
v= 0.3
θ  = 0
Fig. 5. The r-distribution of Tz at u = p/4 for t = 1 crack.
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Fig. 6. The Tz distributions at u0 as function of (a) r and (b) r/Beq0 ahead of the
corner cracks.
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Fig. 7. The Tz distributions with (a) r/c and (b) r/Beq ahead of the corner crack with
t = 1.3. Out-of-plane stress constraint factor Tz for quarter elliptic
corner cracks
3.1. Numerical model
The geometry of a quarter elliptic corner crack in a plate with
thicknessBand theadopted coordinates are shown inFig. 3. Thegeo-
metrical and material parameters of the specimens are chosen as:
crack length a = 1 mm; elliptical shape factor t = a/c = 0.25,0.33,
0.4,0.5,0.67,1; ratio of thickness to crack length B/a =W/c = H/
a = 15; Young’s modulus E = 200 GPa; Poisson’s ratio v = 0.3.
The numerical simulations are performed using the commercial
ﬁnite element code ANSYS with 20-node isoparametric elements.
In linear elastic problems, the stresses and strains are singular at
the crack tip, varying as r1/2, so the 1/4 node singular elements
(Henshell and Shaw, 1975; Barsoum, 1976) are adopted to mesh
the ﬁrst ring of element around the crack front line. Due to symme-
try, onlyhalf of themodel is analyzed. Inorder toaccurately simulate
the high stress gradient near the crack tip, the elements are reﬁned
extensively when the crack front is approaching and the radial size
of the crack tip elements is reduced to 0.2% of the crack length c.
50 element layers are arranged along the crack front line. The ﬁnite
element mesh for a typical corner crack is shown in Fig. 4.
3.2. Veriﬁcation of the ﬁnite element model
To verify the accuracy of the present ﬁnite element analysis re-
sults, a set of obtained Tz value (u = p/4 and t = 1) is compared with
the solution by Zhang and Guo (2007). Good coincidence is re-
sulted, as shown in Fig. 5.
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cracks
The ﬁnite element analyses show that the strongest distribution
of Tz along r direction occurs at angle
u0 ¼
p
4
ﬃﬃ
t
p
: ð5Þ
It can be assumed that the Tz distributions in the normal plane of u0
will collapse into a single curve as described by Eq. (2) when the ra-
dial dimension r is normalized by a proper equivalent thickness,
then an equivalent thickness Beq0 at u = u0 can be obtained from
the ﬁnite element results of Tz,
Beq0 ¼ p4 c: ð6Þ
The Tz distributions with r and r/Beq0 at u0 are shown in Fig. 6(a) and
(b), respectively. It is shown that the ﬁnite element data of Tz  r/
Beq0 fall on the curve by Eq. (2), see Fig. 6(b). Therefore, Eq. (6) is
accurate enough.
Based on the ﬁnite element results for Tz distributions and the
basic equivalent thickness Beq0 at u0, the general expression for
equivalent thickness Beq at any point of u on the crack front line
can be empirically obtained as
Beq ¼ Beq0 1u4tu
 
; ð7Þ
with uu = (u0  u)/u0 for u 6 u0 and uu = (u  u0)/(p/2  u0) for
u > u0.
Substituting Eq. (7) into Eq. (2), Tz distributions against r/c and
r/Beq can be obtained and are shown in Figs. 7–9. It is interesting to1E-4 1E-3 0.01 0.1 1
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Fig. 8. The Tz distributions with r/c (a, c) and r/ﬁnd that the Tz curves collapse to a single curve described by Eq.
(2) when r is normalized by Beq evaluated from Eq. (7). Thus, the
distributions ofTz in front of both through-the-thickness cracks
and quarter elliptic corner cracks can be described efﬁciently by
Eq. (2), with Beq being determined by Eqs. (3) and (7), respectively.
5. Fracture assessment based on the equivalent thickness
conception
For a mode I cracked plate, Guo (1991) developed a fracture cri-
terion considering the out-of-plane stress constraint. At the critical
applied loading for the initiation of crack propagation, the tradi-
tional criterion K = KC should be replaced by
KZ ¼ KZC; ð8Þ
where
KZ ¼ K
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
f TzðBeqÞ
 q
;
KZC ¼ KCðBÞ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
f TzðBÞ
 q
;
ð9Þ
with
f Tz
  ¼ 2
3
ð1þ vÞ þ 4
3
ð1 2vÞ 1þ Tz
1 2Tz
 !2
;
TzðBeqÞ ¼ 1Beqrp
Z rp
0
Z Beq
0
Tz dzdr:
ð10Þ
K is the SIF; KZ is an effective SIF considering the effect of out-of-
plane constraint, KZC is the corresponding critical effective fracturec
d
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Beq0 (b,d) ahead of corner crack of t = 0.5.
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Fig. 9. The Tz distributions with (a, c) r/c and (b,d) r/Beq0 ahead of corner crack with t = 0.33 at different position angles.
Fig. 10. Schematic view and dimensions of the test specimen and cracks.
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and can be obtained by KC of a through-the-thickness cracked spec-
imen with thickness of B, and usually by KIC from the standard spec-
imen with thickness B satisﬁed the plane strain requirement (Guo,
1991; Guo et al., 1998); r0 is the yield stress; rp is the mean radius
of the plastic zone through the thickness in front of the through-
the-thickness crack, which can be estimated by the 3D strip yielding
model in practical application (Guo, 1995). When the equivalent
thickness Beq is used, the parameter KZ along the front of the quarter
corner crack can be evaluated and occurrence of fracture at any
point on the curved crack front can be estimated by Eq. (8).The fracture experiments performed on specimens with two
interacted corner cracks (Fig. 10) by Pitt and Jones (2001) are used
to validate the proposed equivalent thickness concept. All of the
specimens were cut in L–T orientation from an Australian aircraft
structural aluminum alloy, A7-U4SG (2214) 50 mm plate. The yield
stress of the material is r0 = 390 MPa, the fracture toughness
KIC = 31.9 MPa m1/2 was obtained from standard specimens with
thickness of B = 55 mm. The tensile failure stresses obtained by
the experiments are summarized in Table 1.
The 3D ﬁnite element calculated SIFs K by Pitt and Jones (2001)
at the failure stresses and the experimental value of KIC are com-
Table 1
Experimental failure stresses (Pitt and Jones, 2001).
Specimen number 2c/W Failure stress (MPa)
1–1 0.6 380.8
1–2 381.6
1–3 350.6
2–1 0.7 360.4
2–2 348.1
2–3 335.7
3–1 0.8 322.0
3–2 314.2
3–3 294.4
Fig. 11. Calculated SIFs along the crack front at experimental failure stresses.
Modiﬁed from Pitt and Jones (2001).
Fig. 12. Calculated 3D fracture parameter KZ along the crack front at failure stresses
base on the equivalent thickness.
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ture mechanics, the cracked specimen should break when K is
higher than KIC. However, Fig. 11 shows that at the critical loading
levels, K along most of the crack front is signiﬁcantly higher
(23%  46%) than KIC (31.9 MPa m1/2). Therefore, the K-based frac-
ture criterion is not suitable for the corner cracked specimens, and
KIC from standard through-the-thickness cracked specimens can-
not be simply applied to 3D cracked body. Even for through-the-
thickness cracked plate, the critical SIF KC is dependent on thick-
ness. For thinner specimens, the critical value KC generally is higher
than KIC from the thick enough standard specimens. So we use theequivalent thickness evaluated above and the 3D criterion Eq. (8)
to analyze this experimental phenomenon.
When the 3D fracture criterion considering the out-of-plane
constraint effect by Eqs. (8) and (9) is adopted, the distributions
of SIFs KZ along the crack front can be calculated by introducing
the Beq evaluated by Eq. (7), and the corresponding fracture tough-
ness KZC (66.9 MPa m1/2) can be obtained from KIC = 31.9 MPa m1/2
at B = 55 mm by Eq. (9). The KZ distributions along the crack fronts
in the nine specimens at the failure loading levels are compared
against KZC in Fig. 12. It is found that the maximum values of
KZ for various specimens are around KZC, with errors within 7%.
Therefore, the out-of-plane constraint is the main reason for the
failure of the K-criterion, and the equivalent thickness based
application of the 3D criterion [Eqs. (8) and (9)] can provide an
efﬁcient modiﬁcation.
It is also notable from Fig. 12 that the maximum values of KZ
from specimens with larger cracks (3–1, 3–2 and 3–3) are system-
atically slightly higher than that of the specimens with smaller
cracks. This weak size effect should be due to the inﬂuence of
the in-plane constraint which should be lower when two corner
cracks approach each other. Therefore, the in-plane constraint
should also make a secondary contribution to the limited loading,
which is not considered in this work. A three-parameter criterion
to involve the in-plane constraint, such as T-stress (Betegon and
Hancock, 1991), into the above 3D criterion may lead to a more
accurate prediction. Similar considerations, such as using the
equivalent thickness concept in conjunction with the J  QT  Tz
descriptions (Guo, 2000; Zhao, 2009; Zhao et al., 2008) in elastic–
plastic fracture mechanics should also be beneﬁt.6. Conclusion
This paper extended the equivalent thickness conception to the
quarter elliptic corner cracks based on the out-of-plane stress con-
straint factor Tz. For a point P on the front line of quarter elliptic
corner crack, the Beq can be deﬁned by the thickness of the corre-
sponding through-the-thickness cracked plate with the same Tz
distribution. An empirical formula with high accuracy to evaluate
Beq is presented for convenient engineering application. Valida-
tions against existing fracture experiments of corner cracked spec-
imens shows that a conjunction use of the equivalent thickness
with our previously proposed 3D fracture criterion can provide
efﬁcient prediction of fracture of the corner cracked specimens
based on fracture toughness from standard through-the-thickness
specimens.
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